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Abstract. Constraint programming offers a variety of modeling objects
such as logical and global constraints, that lead to concise and clear
models for expressing combinatorial optimization problems. We propose
a way to provide a linear formulation of such a model and detail, in par-
ticular, the transformation of some global constraints. An automatic pro-
cedure for producing and updating formulations has been implemented
and we illustrate it on combinatorial optimization problems.
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1 Introduction

Constraint programming (CP) offers a variety of modeling facilities, such as log-
ical and global constraints, that lead to concise and clear models for expressing
combinatorial optimization problems. CP models contain useful structural infor-
mation permitting the development of dedicated and efficient domain reduction
algorithms for high-level constraints and the design of efficient ad hoc solution
search strategies. Industrial implementations (CHIP [4] and ILOG Solver [18],
for instance) have shown the effectiveness of CP for solving problems in different
areas.
Mixed integer programming (MIP) techniques are also an effective and widely

used method for solving combinatorial optimization problems. With MIP, the
model is limited to a set of linear constraints over binary, integer, or real vari-
ables. A MIP formulation is sometimes far from natural and contains little struc-
tural information. The emphasis is on having good linear relaxations of the prob-
lem. Consequently, MIP solvers maintain a relaxed optimal solution of the linear
relaxation and generate cutting planes to strengthen the relaxation [22].
In this paper, we propose a way to provide a MIP formulation of a CP model.

The aim of this transformation is threefold. First, it permits the use of a MIP
solver for solving a CP model. This is for solving models where MIP techniques
are effective, without having to give a linear formulation. Second, it permits the
use of constraint programming capabilities for designing search strategies on the
high level model together with linear relaxations. Solving the linear relaxation
provides a lower bound that prunes the search space, while the relaxed optimal

R. Dechter (Ed.): CP 2000, LNCS 1894, pp. 369–383, 2000.
c© Springer-Verlag Berlin Heidelberg 2000



370 Philippe Refalo

solution guides the search towards optimal solutions [2,13]. Third, it facilitates
the use of hybrid solvers where domain reduction algorithms cooperate with
a linear relaxation solver. This last approach has been shown to be promising
(see [8,17,15,13]).
In the following we detail, in particular, the reformulation of the “all differ-

ent” constraint [14]; constraints over occurrences of values such as “atmost”,
“atleast”, and “among” [4]; constraints for variable indexing such as “ele-
ment” [19]; and the “cycle” constraint [4]. The formulations presented can be
viewed as an extension of the work done by Wallace et al. on the automatic trans-
formation of a constraint logic program (including alldifferent constraints) to a
MIP model [16] and of the work done on the transformation of logical formulas
to MIP models [21,11] which is closely related to the seminal work of Balas and
Jeroslow on disjunctive programming [3,10].
The linear formulation of a constraint is divided into two sets: the set of linear

constraints that are required for the linearization and the set of linear constraints
that are delayed. The latter are cutting planes that are added to the linear for-
mulation when they are violated by the relaxed optimal solution. Cutting plane
generation is embedded in the propagation process of the high-level constraint.
Thus a global constraint can propagate not only new domains but also arbitrary
constraints. Generating cutting planes from a global constraint by using the
structure of the constraints is a clean integration of integer programming tech-
niques into constraint programming which is related to the work of Bockmayer
et al. [5]. However, this approach does not address the problem of systematically
providing a linear formulation of models containing global constraints.
An automatic procedure for producing and updating formulations has been

implemented and we illustrate it on problems such as the asymmetric traveling
salesman problem, the facility location problem, and the quadratic assignment
problem. Interestingly, our general reformulation of a natural CP model of a
problem often gives a standard and even strong MIP formulation. Some experi-
mental results are also given to illustrate the effectiveness of this method.
The rest of this paper is organised as follows. Section 2 gives details about how

high-level constraints are reformulated in general. In Section 3 the reformulation
of some global constraints is given. In Section 4, three applications are presented,
and Section 5 concludes this article.

2 Constraint Reformulation

A constraint programming model is composed of variables and constraints. Con-
straints can be (1) domain constraints, (2) elementary constraints such as arith-
metic constraints, and (3) high-level constraints which can be logical [20] or
global constraints [4]. A linear formulation of these constraints needs to address
two important issues. The first is the strength of the formulation that determines
relevance of the linear relaxation; the second is maintaining this strength during
the search.
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2.1 Linear Reformulation

A linear reformulation of a set S of constraints over a set of variables V is a
set S′ of linear constraints over variables V ∪ V ′ such that both sets have the
same solutions on variables V .
A set of linear constraints defines a convex set. Let Q be the solutions set

of a high level constraint c. The strongest linear formulation of c represents the
smallest convex set containing the solutions of Q. This set is called the convex
hull of Q and the associated linear constraints represent a sharp formulation
of Q [21]. The closer a formulation to a sharp one, the stronger it is.
Various sharp formulations can represent the same solution set. Moreover,

in many cases the size of a strong formulation can be huge and it is desirable
to avoid considering the whole reformulation at the same time. Therefore, the
linear formulation F(c) of a constraint c is divided into two sets:

F(c) = L(c) ∪ D(c)
where L(c) is the set of linear constraints that are required in the reformulation
and D(c) is a set of linear constraints whose addition is delayed. Constraints
of D(c) are cutting planes that are not stored explicitly, but generated when
needed. They are added when violated by the relaxed optimal solution. In the
following, not specifying D(c) means that no constraint is delayed.
Constraints are not reformulated independently. Domain constraints are also

considered. That is if SD is the set of domain constraints of S, a formulation
of SD ∪ {c} is provided for c.
Since many logical conditions over linear constraints can be represented as

a disjunction of convex sets, research in this field has focused on the linear
representation of such disjunctions. A sharp formulation ofD = {Ax ≤ b∨A′x ≤
b′} can have an exponential number of constraints when expressed on variables x.
However, by introducing two new vectors of variables x1 and x2 and two binary
variables γ1 and γ2, a sharp formulation of D is given by the system:

L(D) =




Ax1 ≤ γ1b
A′x2 ≤ γ2b

′

x = x1 + x2

γ1 + γ2 = 1
γi ∈ {0, 1} for i ∈ {1, 2}

This fundamental result is known as the disjunctive formulation, which was
developed by Balas and Jeroslow [3,10]. This transformation is applied in the
following for constraints that can be restated as disjunctions of linear constraint
sets.

2.2 Maintaining Sharpness under Domain Reduction

An important property of a linear formulation that is used together with a
Branch and Bound search is hereditary sharpness, where the formulation re-
mains sharp when variables are fixed from a parent node to a child node of the
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search tree [21]. In constraint programming with hybrid solvers, we need to go
further. Since new domains are inferred when going down the search tree, we
must maintain the sharpness under domain reduction. In [13] a general principle
called tight cooperation is presented where linear formulations of high level struc-
tures are dynamically updated with variable fixing and cutting planes generation
when domains are reduced. This goes beyond the classical solvers cooperation
framework, where only bounds on variables are exchanged between the domain
reduction solver and the linear optimizer [2,17].
The same approach is applied herein. For each constraint, the formulation is

updated so that the modifications done during search on the (high-level) con-
straint programming model are reflected on the (low-level) linear formulation.
As an example, suppose that in the disjunctive formulation above, the alterna-
tive Ax ≤ b becomes unsolvable w.r.t. new domains on variables x at a node of
the search tree. Fixing the variable γ1 to 0 maintains the sharpness of the for-
mulation w.r.t to new domains. Conversely, if Ax ≤ b is entailed w.r.t domains
of x, the variable γ1 must be fixed to 1.

3 Reformulation of Constraint Programming Models

This section details the reformulation of domain constraints and some high-level
constraints, such as the alldifferent constraint, constraints over occurrences of
variables, variations of the element constraint, the cycle constraint, and unary
meta constraints.

3.1 Domain Constraint

A sharp linear formulation of a domain constraint x ∈ D is obtained by the dis-
junctive formulation of

∨
a∈D(x = a). For writing ease, let’s denote the variable

introduced for the alternative x = a by vx=a. It is assumed that vx=a = 0 when
a /∈ D. The linear formulation of a domain constraint is thus:

L(x ∈ D) =




∑
a∈D

vx=a = 1

0 ≤ vx=a ≤ 1 for a ∈ D
integer(vx=a) for a ∈ D

D(x ∈ D) =
{
x =

∑
a∈D

a× vx=a (1)

The addition of constraints linking the binary variables and the original vari-
able is delayed, because the linear formulation of high-level constraints often
concerns the binary variables only. This is the case for the constraints presented
below. Thus, delaying these constraints significantly reduces the size of the linear
problem solved in practice.
The impact of constraint propagation algorithms is reduced domains for vari-

ables. The linear formulation of a domain constraint can be updated when the
domain D is reduced to a new domain D′. To maintain the sharpness of the
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formulation, variables are fixed depending on the values removed, according to
the following propagation rules:

∀α ∈ D,α /∈ D′ ⇔ vx=α = 0
D′ = {α} ⇔ vx=α = 1

Conversely, if some variables of the reformulation are fixed with an integer pro-
gramming technique such as reduced cost fixing [22], the original domain is
updated. Observe that variable fixing ensures that the value of x in the relaxed
optimal solution stays between the lower and upper bound of its domain.
All linear formulations below reuse the variables introduced for the reformu-

lation of the domain constraint. Therefore, these rules are sufficient to maintain
sharpness of all global constraints presented in the following. Note also that,
in many cases, these updating rules are sufficient to ensure that the delayed
constraint is satisfied. Consequently, it may never be added.

3.2 Alldifferent Constraint

The constraint alldifferent(x1, . . . , xn) is satisfied if variables x1, . . . , xn have
different values. A sharp formulation of this constraint is well-known: it is that
of a bipartite matching [22].
Let K =

⋃n
i=1 Di be the union of domains. The linearization of this con-

straint formulates that each value of K can be given at most once to any of the
variables x1, . . . , xn. Hence we have

L(alldifferent(x1, . . . , xn)) =

{
n∑

i=1

vxi=j ≤ 1, j ∈ K

}

Example 1 Assuming that x1, x2, x3 ∈ {1, 2, 3, 4} and γij = vxi=j we have

L(alldifferent(x1, x2, x3)) =



γ11 + γ21 + γ31 ≤ 1
γ12 + γ22 + γ32 ≤ 1
γ13 + γ22 + γ33 ≤ 1
γ14 + γ24 + γ34 ≤ 1




3.3 Constraint over Occurrences of Values

Many requirements in practical problems limit the number of values that a set
of variables can have in a solution. This is the case for the among [4] constraint
of CHIP and the distribute constraint of ILOG Solver [18].
The among constraint restricts the number of variables from a set having a

given value. The constraint

among(y, [x1, . . . , xn], [a1, . . . , ak])
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where xi and y are variables and ai are real numbers, is satisfied when exactly y
variables among x1, . . . , xn have their value in the set {a1, . . . , ak}. The formu-
lation of this constraint specifies that each of the values ai must be taken y times
by variables xi:

L(among(y, [x1, . . . , xn], [a1, . . . , ak])) =


y =

n∑
i=1

k∑
j=1

vxi=aj




Without going into details, this formulation is obviously sharp since the as-
sociated one line matrix is totally unimodular (see [22]).

Example 2 Assuming that x1, x2, x3 ∈ {1, 2, 3, 4} and γij = vxi=j we have

L(among(y, [x1, x2, x3], [1, 3]) = {y = γ11 + γ21 + γ31 + γ13 + γ23 + γ33}
The ILOG Solver constraint distribute([x1 . . . , xn], [a1, . . . , ak], [y1, . . . , yk]) is

satisfied if the number of variables among x1, . . . , xn having the value ai is equal
to the variable yi. It has a sharp formulation when formulated as a conjunction of
among constraints: among(y1, [x1, . . . , xn], [a1]) ∧ . . .∧ among (yk, [x1, . . . , xn],
[ak])}.
Note that the cardinality constraint atmost(α, [x1, . . . , xn], β) and the

constraint atleast(α, [x1, . . . , xn], β) which require the number of variables
from x1, . . . , xn that take the value β to be respectively atmost or atleast α,
are also a special case of among constraints, and thus can be given a sharp
formulation the same way.

3.4 Element Constraint

The constraint element was probably one of the first global constraints intro-
duced in constraint logic programming systems [19]. The syntax is:

element(x, [a1, . . . , an], z)

where z is a variable, x is a variable whose domain Dx is a subset of {1, . . . , n},
and ai are real values. This constraint is satisfied if z is equal to the xth value of
the array [a1, . . . , an]. In [9], this constraint is formulated by inequalities over x
and z variables. Since we deal with domain constraints, we give a different for-
mulation that has the advantage of being efficiently updated when domains are
reduced.
Solutions of this constraint can also be represented by the disjunction∨n

i=1(x = i ∧ z = ai). Assuming that Dx = {1, . . . n}, its disjunctive formu-
lation gives the set: 



z = a1γ1 + · · ·+ anγn

x = γ1 + · · ·+ nγn

γ1 + · · ·+ γn = 1
0 ≤ γi ≤ 1 for i ∈ Dx

integer(γi) for i ∈ Dx
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Since all constraints, except the first one, formulate the domain constraint on x,
we have

L(element(x, [a1, . . . , an], z)) =

{
z =

∑
i∈Dx

aivx=i

}

Example 3

L
(
x ∈ {1, 2, 3}
element(x, [7, 8, 12], z)

)
=




x = γ1 + 2γ2 + 3γ3

γ1 + γ2 + γ3 = 1
z = 7γ1 + 8γ2 + 12γ3

0 ≤ γi ≤ 1 for i ∈ {1, 2, 3}
integer(γi) for i ∈ {1, 2, 3}




Note that in this example, and in general, a compact reformulation is ob-
tained if the variable vx=i is used for the alternative y = ai. Consequently, the
linear formulation of this constraint does not require any variables in addition
to those that are introduced for domain constraints of x.
Element constraints can also be defined on higher dimensional arrays. Con-

sider an element constraint element(x, y, A, z) over an m× n matrix A where x
and y are variables having domainsDx ⊂ {1, . . . ,m} and Dy ⊂ {1, . . . , n}, which
is satisfied when z is equal to the element Ax,y. This constraint has the following
disjunctive formulation: ∨

i=1,...,m j=1,...,n

(x = i ∧ y = j ∧ z = Aij)

Thus a sharp formulation is:

L(element(x, y, A, z)) =


vx=i =

∑
j=1,...,n

(vz=Aij ) for i ∈ Dx

vy=j =
∑

i=1,...,m

(vz=Aij ) for j ∈ Dy

The variables γij can be reused for vz=Aij provided that the value Aij appears
only once in the matrix.
Example 4

L



x ∈ {1, 2}
y ∈ {1, 2, 3}
element(x, y,

[
7 8 4
3 1 2

]
, z)


 =




x = γ1 + 2γ2

γ1 + γ2 = 1
y = δ1 + 2δ2 + 3δ3
δ1 + δ2 + δ3 = 1
z = 7λ1 + 8λ2 + 4λ3 + 3λ4 + 1λ5 + 2λ6

λ1 + λ2 + λ3 + λ4 + λ5 + λ6 = 1
γ1 = λ1 + λ2 + λ3

γ2 = λ4 + λ5 + λ6

δ1 = λ1 + λ4

δ2 = λ2 + λ5

δ3 = λ3 + λ6

0 ≤ γi ≤ 1, integer(γi) for i ∈ {1, 2}
0 ≤ δi ≤ 1, integer(δi) for i ∈ {1, 2, 3}
0 ≤ λi ≤ 1, integer(λi) for i ∈ {1, . . . , 6}
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This formulation can be easily extended to the case of an array of arbitrary
dimensions.

3.5 Cycle Constraint

The constraint cycle(k, [x1, . . . , xn]), where k is a positive integer and xi are
variables having domains Di ⊂ {1, . . . , n}, is mainly used to solve routing prob-
lems [4]. This constraint is satisfied when the values of the variables define k
disjoint circuits in an directed graph such that each node is visited exactly once.
Initially, a variable xi is associated with the node i, the domainDi corresponding
to the set of possible nodes that can be visited from i.
A cycle in a set of variables {x1, . . . , xn} is a sequence of p indexes

C(1), ..., C(p) such that C(i + 1) ∈ DC(i) for i < p and C(p) ∈ DC(1). For
instance if we have x1 ∈ {2, 3}, x2 ∈ {1, 3}, x3 ∈ {2, 3} the sequence C(1) = 1,
C(2) = 3, C(3) = 2 is a cycle and thus the constraint cycle(1, [x1, x2, x3]) is
satisfied by the assignment x1 = 3, x2 = 1, x3 = 2.
The formulation of the cycle constraint requires that each node must belong

to a single circuit. This is equivalent to the formulation of an alldifferent con-
straint. To constrain the number of cycles to be at most k, the formulation also
enforces connectivity on a partition of k+1 subset of {1, . . . , n}. There must be
at least one variable having its index in one set and its value in another set. The
number of constraints enforcing this is exponential, thus their addition to the
linear model is delayed. To constrain the number of cycles to be atleast k, the
formulation enforces that for each set of k − 1 disjoint cycles covering all nodes
(called a k − 1 cycle-cover), one of the cycles must be broken.

L(cycle(k, [x1, . . . , xn])) = L(alldifferent([x1, . . . , xn]))
D(cycle(k, [x1, . . . , xn])) =


k+1∑
e=1

∑
i∈Se

∑
j∈P\Se

(vxi=j) ≥ 1
for all partition (S1, . . . , Sk+1) of {1, . . . , n}, Sp �= ∅

k−1∑
e=1

∑
i∈Ce

(vxCe(i)=Ce(i+1)) ≤ n− 1
for all k − 1 cycle-cover (C1, . . . , Ck−1) of {1, . . . , n}

Observe that when k = 1, the set of delayed constraints represents the family
of subtour elimination inequalities [22]. Consequently, this formulation is not
sharp in general but, as it will be shown in the section of experimental results, it
is strong enough to handle cycle constraints involving a few hundred variables.
Stronger formulations could be obtained by generalizing stronger cuts for the
case where k = 1; that is other strong cuts used to solve traveling salesman
problems.

3.6 Higher-Order Expressions

Higher order expressions are arithmetic constraints that appear as terms in a
constraint. For instance, (x + y ≤ 1) + (y = 5) = 1 contains two higher-order
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expressions. The linear formulation of such constraints can be obtained by using
the big-M formulation which introduces a binary variable for each constraint as
a term [11]. It has been used in [16] for reformulating constraint logic programs
as MIP models.
When using domain constraints, higher-order unary constraints must be han-

dled differently. For instance, the occurrence of an expression (x = 2) in a linear
constraint should be replaced by the variable vx=2 and not by the binary vari-
able of the big-M formulation. More generally, here is how to reformulate unary
higher order terms into linear terms in the general case.

L′((x = a)) = (vx=a)
L′((x �= a)) = (1 − vx=a)
L′((x ≥ a)) = (

∑
i∈Dx,i≥a

vx=i)

L′((x ≤ a)) = (
∑

i∈Dx,i≤a

vx=i)

The mapping L′ is an extension of the mapping L to the set of higher or-
der terms. Note that, here again, the formulation does not introduce any new
variables but reuses variables from the reformulation of the domain constraints.

4 Examples of Problem Solving Using Reformulation

A system has been implemented on the top of ILOG Planner/CPLEX [12] (for
handling linear formulation) and ILOG Solver [18] (for domain reduction). It
automatically reformulates a CP model into a MIP model. In this section, we
detail the modeling of three classes of problems. For each of them we study the
MIP formulation. To show the effectiveness of the method, some practical results
are also given. In the following, all computation times are given in seconds on a
Pentium II-300.

4.1 Facility Location Problem

This example illustrates the creation of a new global constraint. This is not
for developing an efficient domain reduction algorithm, as is usually done in
constraint programming, but to capture the structure of part of a model, whose
sharp formulation must be delayed.
The facility location problem is to assignm clients to n depots that deliver to

clients. A fixed cost fj is associated with the use of depot j and a transportation
cost cij if client i is delivered from depot j. A depot has a maximum number of
clients wj that it can serve. The problem is to decide which depots to open and
which depot serves each client so as to minimize the fixed and transportation
costs.
To model this problem, a binary variable yj is introduced for each depot. It

is equal to 1 if the depot j is open and to 0 otherwise. We also introduce for each
client i, a variable xi whose value corresponds to the depot that serves it. Thus
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Weak Model Strong Model

Problem Time Ch. Pts Time

cap101 > 1000 0 3.9

cap102 > 1000 1 6.7

cap111 > 1000 2 11.0

cap112 > 1000 7 15.6

cap113 > 1000 14 21.8

cap114 > 1000 21 33.5

cap131 > 1000 0 21.3

cap132 > 1000 0 18.5

cap133 > 1000 0 20.7

cap134 > 1000 0 22.0

Fig. 1. Results on Facility Location Problems

we have the constraint xi ∈ {1, . . . , n}. The whole problem can be formulated
in the following way:

min
n∑

j=1

fjyj +
m∑

i=1

zi

s.t.



yj ∈ {0, 1} for j ∈ {1, . . . , n} (f1)
xi ∈ {1, . . . , n} for i ∈ {1, . . . ,m} (f2)
element(xi, [ci1, . . . , cin], zi) for i ∈ {1, . . . ,m} (f3)
(x1 = j) + · · ·+ (xm = j) ≤ wjyj for j ∈ {1, . . . , n} (f4)

The constraint element associates a cost zi with a customer i, depending on
the warehouse xi that serves it. The last n higher-order constraints enforce that
not more than wj customers from x1, . . . , xm can be assigned to a depot j whose
decision variable is yj .
It is well known that this formulation can be strengthened by constraints

vxi=j ≤ yj, whose logical meaning is to force yj to be 1 if the jth depot serves
customer i (see [22]). In fact, these constraints define the convex hull of the solu-
tion set of each constraint (f4). Since there are n×m strengthening constraints
for a problem, it is efficient to delay their addition. To capture this structure, we
introduce a new global constraint serve(j, y, [x1, . . . , xm], w) where j is a depot
index, y is the binary variable associated with this depot, xi are the variables as-
sociated with clients, and w is the depot capacity. This constraint is introduced
in place of each constraint (f4). Its linear formulation is:

L(serve(j, y, [x1, . . . , xm], w)) =

{
n∑

i=1

vxi=j ≤ w × y

}

D(serve(j, y, [x1, . . . , xm], w)) = {vxi=j ≤ y for i = 1, . . . ,m}
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To illustrate the effect of this new formulation, experiments were made on a
list of problems from the OR Library1. The problems considered have from 25
to 50 facilities and 50 clients. Problems are solved using constraint programming
and linear relaxations only. That is we use ILOG Solver to program the search
over the linear optimizer ILOG Planner/CPLEX. The search strategy is based on
the relaxed optimal solution. It chooses the expression (xi = j) whose relaxed
solution is the closest to 0.5. This is to apply the first fail principle: these ex-
pressions are, a priori, the most difficult to instantiate. A binary choice point is
created to explore either the subproblem when stating xi = j or the one when
stating xi �= j. A solution is found when all variables have integer values.
The results are presented in figure 1. A comparison is made between solving

the model with the constraints (f4) (Weak Model) and the one with the global
constraint ”serve” (Strong Model). The Strong model is solved in less than a
minute for all instances considered, while no weak models were solved within
the time limit of 1000 seconds.

4.2 Traveling Salesman Problem

The traveling salesman problem (TSP) is to visit a set of cities exactly once
while minimizing the sum of the costs cij of going from a city i to a city j. The
cost cij can be different from cji, in which case the problem is asymmetric. It can
be modeled very concisely in constraint programming with the constraint cycle.
For n cities to visit, n variables xi are introduced, whose domain is included
in {1, . . . , n} and that are assigned in a solution to the city to visit after i. A
constraint programming formulation uses element constraints to associate a cost
with each visit leaving a city and a cycle constraint for enforcing that visits must
be done in one tour. The term to minimize is the sum of each visiting cost.

min
n∑

i=1

zi

s.t.



element(xi, [ci1, . . . , cin], zi) for i ∈ {1, . . . , n}
cycle(1, [x1, . . . , xn]).
xi ∈ Dxi , Dxi ⊂ {1, . . . , n} for i ∈ {1, . . . , n}

The linear constraints in the required part of the reformulation of this model
define an assignment problem, which corresponds to the standard initial relax-
ation to solve this problem [22].
Two approaches to solve this model are compared. Some experimental results

are given on small instances of symmetric and asymmetric traveling salesman
problem (TSP) from the TSPLIB suite2.
The first approach (Propag. + cost) uses the domain reduction techniques of

ILOG Solver and, in addition, a constraint alldiff([x1, . . . , xn]) that takes into
account the objective function and performs pruning using an embedded assign-
ment problem solver [7,6]. This approach outperforms previous pure constraint
1 Problems are available at http://mscmga.ms.ic.ac.uk/jeb/orlib/capinfo.html
2 Problems are available at http://softlib.rice.edu/softlib/tsplib/
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Asymmetric TSP Symmetric TSP

Propag. + cost Linear Relax. Propag. + cost Linear Relax.

Problem Fails Time Ch. Pts Time Problem Fails Time Ch. Pts Time

br17 - - 9 0.3 gr17 646 0.7 0 0.3

ry48p 100000 248.0 40 12.2 gr21 31 0.1 0 0.2

ft53 6900 630.0 272 47.7 gr24 120 0.3 5 0.7

ft70 113 3.7 5 5.4 fri26 1600 2.9 1 0.7

ftv33 - - 2136 195.2 bays29 8800 13.7 8 1.5

ftv35 - - 5547 4137.2

ftv38 - - 36987 2697.3

ftv44 - - 841 116.1

ftv47 - - 27910 2730.6

kro124p 121000 1321.2 46 58.2

Fig. 2. Results on Traveling Salesman Problems

programming approaches and compares well with a dedicated approach. Several
search strategies have been used and we give for each problem the time and
number of fails obtained by the best approach. The results concern the proof
time only, that is the time spent after having found an optimal solution because
the method was not able to find rapidly optimal solutions. Entries are blank for
problems that have not been tried.
The second approach (Linear Relax.) uses the formulation above. It solves

the problem by using linear relaxations only. It uses ILOG Solver to program the
search over the linear optimizer ILOG Planner/CPLEX. The search strategy used
is the same as that used for the facility location problem. Here full computation
times are given, that is the time for finding an optimal solution plus the time
spent to prove optimality.
The results are presented in figure 2. The approach using linear relaxations

often gives better results on larger problems. This is not very surprising, since
the relaxation provided by the cutting planes added by the cycle constraint is
tighter than that of the assignment problem. More important is to observe that
the search strategy using the relaxed optimal solution allows us to find an op-
timal solution quickly. Appropriate choices are made for the variables, due to
the tightness of the relaxation. It is interesting to note that the cutting planes
are added locally to a node of the search tree and are removed when backtrack-
ing. This eliminates automatically irrelevant cuts, since those generated on one
branch are mostly useless on other branches at the same level. Note also that
many fewer choice points are needed to solve the problem. However, the time
spent per node is larger since cutting plane generation is more time consuming
than domain reduction.
Results obtained when using domain reduction in addition to linear relax-

ation are not presented here, because we uniformly obtained a slight reduction
of search space together with a slight slowdown.
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Propagation Linear Relax Cooperation

Problem Ch. Pts Time Ch. Pts Time Ch. Pts Time

7× 7 (1) 9207 3720.1 51 15.1 49 17.2

7× 7 (2) 11249 4261.2 37 13.3 32 12.1

8× 8 > 5000 184 109.2 154 90.3

9× 9 (1) > 5000 652 780.6 295 580.5

9× 9 (2) > 5000 1183 2280.7 621 1780.1

Fig. 3. Results on Quadratic Programming Problem Instances

4.3 Quadratic Assignment Problem

The quadratic assignment problem (QAP) problem consists of locating n facto-
ries in n cities. There is a flow Aij between factory i and factory j and there is
a cost dlk for each unit of flow transported from city l to city k. The problem is
to determine where to locate the factories while minimizing the flow transporta-
tion cost, that is, Aij × dloc(i)loc(j) where loc(i) is the location of factory i. This
problem is strongly NP-Hard and instances having n ≥ 15 are difficult to solve
in practice.
A constraint programming formulation is possible by way of element con-

straints on matrices. For each city, a variable xi ∈ {1, . . . , n} is introduced whose
value is the factory number that is build in this city. These variables are con-
strained to take different values. Also, n× n variables yij are introduced. Each
of them is assigned to the cost of transporting the flow from city i to city j. The
constraint programming formulation is thus

min
∑

i,j=1,...,n

dij × yij

s.t.



xi ∈ {1, . . . , n} for i ∈ {1, . . . , n}
yij ∈ {Auv | u, v = 1, . . . , n} for i, j ∈ {1, . . . , n}
alldifferent(x1, x2, . . . , xn)
element(xi, xj , A, yij) for i, j ∈ {1, . . . , n}

where A is the matrix of flow between factories.
Interestingly, the reformulation of this problem gives the tight linear for-

mulation introduced recently by Adams and Jonhson [1]. Several lower bounds
introduced for solving QAP with a MIP solver can be considered as approxi-
mations of the lower bound given by this formulation. Unfortunately, the refor-
mulation introduces a large number of binary variables and constraints, which
create formulations having a large size for n ≥ 8.
Nevertheless, we have solved problems having with up to 9 cities with this

approach. The search strategy is the same as that used for previous examples.
Note that only variables x need to be instantianted, since fixing these variables
implies that variables y are also fixed. The results presented in figure 3 show
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the solving of the model with a pure CP approach (Propagation) using ILOG
Solver, an approach using linear relaxation in constraint programming (Linear
Relax.) and an approach using domain reduction together with linear relaxation
(Cooperation).
We can observe that the pure domain reduction approach cannot solve prob-

lems having a size greater than 7. The approach using linear relaxations only
finds optimal solutions rapidly thanks to the relaxed optimal solution. It is worth
observing that the cooperative approach is faster than any of the others. This
is mainly due to pertinent domain reduction done by global constraints that
tighten the linear relaxation.

5 Conclusion

We have presented a linear formulation for commonly used global constraints
like alldiff, atleast, among, element, cycle and meta constraints. Our lineariza-
tion provides a set of required linear constraints and a set of delayed linear
constraints added when violated. Specific formulations can also be defined to
capture problem substructures having a strong linear formulation.
The first advantage is that the problem statement is more concise and expres-

sive than in integer programming. Interestingly, formulations produced automat-
ically are often standard and tight for the problem considered. Moreover, linear
constraints and binary variables introduced can be fully ignored when designing
search strategies. Practical results on combinatorial optimization problems show
that this approach can be effective.
We believe that automatic reformulations will be a fundamental aspect of

modeling systems since this allows the use of linear relaxations while avoiding
the need to provide a linear formulation. Our current research is to experiment
with more problems that can benefit from this approach, to identify useful sub-
structures, and to provide a strong formulation for them.
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