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Abstract. Airline crew rostering is an important part of airline operations and an interesting problem for
the application of operations research. The objective is to assign anonymous crew pairings either to personalized rosters or to anonymous bidlines which subsequently will be assigned to individual crew members.
Compared to the crew pairing problem, crew rostering has received much less attention in the academic
literature and the models presented have been rather simplified. The contribution of this paper is two-fold.
First, we want to give a more comprehensive description of real-world airline crew rostering problems and
the mathematical models used to capture the various constraints and objectives found in the airline industry.
As this has not been attempted in previous research, we think it serves a purpose to reveal the complexity
of real-world crew rostering to readers without industrial knowledge of the problem. Second, we want to
present the solution methods employed in a commercial crew rostering system, in whose development we
both have been involved. The Carmen Crew Rostering system is currently in use at several major European
airlines including British Airways, KLM, Iberia, Alitalia, and Scandinavian Airlines (SAS) as well as at one
of the world’s largest passenger transportation company Deutsche Bahn (German State Railways). During
the development of the Carmen Crew Rostering system, we have gained valuable experience about practical problem solving and we think the system constitutes an interesting case in the application of operations
research.
Keywords: crew rostering, crew scheduling, airline applications

1.

Introduction

1.1. Background
An airline receives revenue from passenger tickets and pays for aircraft, fuel, crew and
airport usage. After costs for fuel, crew costs constitute the second largest expenses of
an airline. Since profit is the difference between revenue and cost, cost efficient crew
planning is of major importance for airlines. A cost reduction of a few percent usually
results in annual savings of tens of millions US dollars for large airlines. Due to the
potential for significant cost savings, operations research techniques were applied in the
area of crew scheduling already at an early stage.
Due to its complexity, crew planning at airlines is usually divided into a crew pairing and a crew rostering (or assignment) phase. Firstly, anonymous pairings (or crew
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rotations) are formed out of the flight legs (flights without stop over) such that the crew
needs on each flight are covered. So a pairing is a sequence of legs to be assigned to
one or more crewmember working in one or more crew positions (ranks). The crew
positions and the number of crewmembers a pairing must be assigned to is referred to
as crew complement. Then in crew rostering, the pairings together with possible other
activities such as ground duties, reserve duties and off-duty blocks are sequenced to rosters and assigned to individual crewmembers. Rostering is usually done one month at
a time and each roster usually has some history. In both problems, complex rules and
regulations coming from legislation and contractual agreements have to be met by the
solutions and some objective function has to be optimized.
Most of the published work relates to crew pairing, see, e.g. (Anbil et al., 1991,
1992; Andersson et al., 1998; Barnhart and Shenoir, 1996; Barnhart, Hatay, and Johnson,
1995; Barnhart et al., 1994; Barutt and Hull, 1990; Desaulniers et al., 1997; Gershkoff,
1989; Graves et al., 1993; Hjorring and Hansen, 1999; Housos and Elmroth, 1997;
Lavoie, Minoux, and Odier, 1998; Vance et al., 1997). The reason being that most of
the cost benefits can be achieved by having productive pairings that minimize costs. In
crew rostering, the minimization of costs is also important, however, quality of life aspects for crew are considered as well. The objective is a combination of cost efficiency
and the creation of rosters that satisfy crew. In this paper we focus on the crew rostering
problem, i.e., the creation of rosters for individual crewmembers, which usually takes
place 2–6 weeks before the flights are operated.
The standard methods, presented in the literature and applied in commercial crew
rostering systems, are based on the “generate-and-optimize principle.” In the master
(optimization) problem, a set partitioning type problem is solved to select exactly one
roster for each crewmember such that the demands of the activities are met, the solution
satisfies constraints between several crewmembers, and the objective is optimized. Since
it is not possible to have an explicit representation of all possible rosters, the master
problem is always defined on a subset of all possible rosters.
In the (generation) subproblem, a large number of legal rosters is generated. This
can be done by partial enumeration based on propagation and pruning techniques as
employed by, e.g., the Carmen Crew Rostering system and as described in this paper.
An alternative is to solve a constrained shortest path problem where the constraints ensure that only legal rosters are generated, and where the objective function is equivalent
to the reduced costs of the roster with respect to the solution of the continuous relaxation of the master problem defined on the previously generated rosters (Gamache et
al., 1998). The latter approach is known as constrained shortest path column generation. Here the subproblem is solved to optimality and one can prove that it is possible
to obtain the optimal solution to the entire problem without explicit enumeration of all
possible rosters. In either case one can iterate between the subproblem and the master
problem.
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1.2. Problem types
Even though crew pairing problems are different from airline to airline with respect
to rules and costs, the main characteristics remain the same. The rule structures are
comparable and objective functions are based on pay and reflect mainly real costs, as
mentioned above.
In contrast to pairing, crew rostering can be done in various ways following different approaches. In North America for instance, at most airlines the rostering is done
in two steps: first, anonymous rosters (or so-called “bidlines”) are created which are
then assigned to individuals based on bids for these anonymous rosters. We refer to this
rostering approach as the bidlines approach.
At most European airlines, however, individual rosters are constructed directly for
each crewmember, which we refer to as personalized rostering. This approach can be
based on fair share, i.e., all crewmembers should have rosters satisfying certain quality
criteria, or on individual preferences. In the latter case, crewmembers express personal
preferences that are considered during the creation of the individual rosters. These preferences can be awarded according to seniority, i.e., the most senior crewmembers get a
maximum of their preferences granted limiting the awards of less senior crewmembers,
or again on a fair share basis.
When comparing the different rostering approaches, benefits of the bidlines rostering process are on the crew side. By bidding for a specific line, a crewmember knows
exactly what he/she will get if the bid is granted. This is in contrast to preferential bidding (personalized rostering with preferences) where crew “only” express preferences
for certain attributes of their rosters without knowing exactly how the roster will look
like. However, there are preferential bidding systems on the market that provide immediate feedback for crewmembers during the bidding phase and determine important
characteristics of the expected rosters a-priori. Drawbacks of bidlines are greater costs
that occur when the bidlines cannot be assigned entirely to individuals due to conflicts
with pre-assignments and vacation days, and some pairings of the bidline can hence not
be assigned. These conflicts are often bid for by crew since the pay is determined by
the original roster and not by what is actually assigned. Moreover, the planning process
consists of more steps than in personalized rostering, where one individual roster for
each crewmember is generated once and then published.
From a solution point of view, however, the different rostering approaches are quite
similar, and from a modeling point of view, they differ mostly in the formulation of the
objective function. As mentioned above, the goal is to minimize costs while considering
quality of life criteria. Since these different rostering principles are applied differently
at airlines, and are usually combined and extended, there is a demand for flexible and
generic rostering systems, that support both the modeling of the different rostering environments and provide proper optimization methods to solve the resulting problems
effectively and efficiently.
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1.3. Literature survey
We now provide an overview of the scientific literature in the area of airline crew rostering.
Rostering with the bidlines approach has been described in (Campbell, Durfee, and
Hines, 1997; Christou et al., 1999; Jarrah and Diamond, 1997). The first two of these
references describe applications at FedEx and Delta Air Lines, respectively. The problem is solved using meta-heuristics. In (Jarrah and Diamond, 1997), a semi-automatic
system is developed based on column generation, where the user influences which subset
of columns is generated.
For personalized rostering, the set partitioning model, as described in this paper,
has been mostly used in the literature. The GERAD research center developed a column generation approach where the subproblems, generating rosters for individuals, are
solved as constrained shortest paths. The approach is exploited in the commercial AD
OPT ALTITUDE system (AD OPT Technologies, 2003) and described with several applications, e.g., to the preferential bidding problem at Air Canada, in (Gamache and
Soumis, 1998; Gamache et al., 1998, 1999). In (Lasry et al., 2000), the use of ALTITUDE for crew planning at Air Transat is described.
In (Day and Ryan, 1997) the rostering of cabin crew for Air New Zealand’s shorthaul operations is described. The problem is decomposed into the problem of assigning
off days followed by the problem of assigning the pairings and other activities. Both
these problems are solved by column generation, but the total number of columns in each
of the two problems is rather limited compared to the case where off day assignment and
pairing assignment is optimized simultaneously. The approach works well because the
majority of pairings are one day pairings, thus the off day assignment does not cost much
in terms of flexibility in the pairing assignment.
An exact IP approach that exploits some valid inequalities is presented in (Cappanera and Gallo, 2001) and applied to solve small instances from a medium-sized Italian
carrier. (El Moudani et al., 2001) suggests a heuristic approach to solve a bi-criteria version of the rostering problem and apply it to medium-sized problems – the two criteria
considered in the objective function concern costs of the rosters and crew satisfaction.
Within the Parrot project (Parrot, 1997) a solution approach combining column
generation with constraint programming (CP) has been developed. Constraint programming is used to prune the search for rosters whereas the master problem, selecting roster
for all crewmembers, is solved as a linear program. The work is documented in (Fahle
et al., 2002; Kohl and Karisch, 2000; Sellmann et al., 2002) and has been applied to
instances of a medium and large size European airline.
The papers (Dawid, König, and Strauss, 2001; König and Strauss, 2000a, 2000b)
look at different modeling aspects of crew rostering and describe an implicit enumeration heuristic with propagation techniques. The heuristic has been implemented in the
SWIFTROSTER algorithm and applied to data from a medium-sized European airline.
Article (Freling, Lentink, and Wagelmans, 2001) presents a decision support system for airline and railway crew planning based on a branch-and-price solver, a system
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that is marketed and sold by ORTEC (ORTEC, 2003). The paper describes an example
for a small Dutch charter airline and refers to examples for Dutch Railways presented in
(Freling, Lentink, and Odijk, 2001).
Various aspects of the Carmen Crew Rostering system have previously been described in (Hjorring, Karisch, and Kohl, 1999; Kohl, 1999, 2000). A related aspect, the
partial evaluation of rules and restrictions and its application within the Carmen framework, has been described in (Augustsson, 1997).
Related work for the railway industry is also of interest, since the crew rostering
problems are relatively similar. Heuristic algorithms employing OR, CP, and hybrid
approaches are presented and applied to rostering problems arising at Italian Railways in
(Caprara et al., 1998a, 1998b, 1998c). The work describes the modeling of the problem
and effective solution methods.
1.4. Outline
We conclude this section with an outline of the remainder of this paper. Section 2 describes the problem in more detail, thereby focusing on typical rules and regulations and
on different objective functions used in crew rostering. The following section 3 provides
a mathematical model of the crew rostering problem. Initially we formulate the basic
rostering problem as a set partitioning problem. Gradually this model is extended with
generalized and additional constraints. Together these two sections constitute the part of
the paper which describes the real-world crew rostering problem.
The following two sections are devoted to the description of a commercial crew
rostering system that we have participated in the development of, namely, the Carmen
Crew Rostering system. Section 4 discusses the different solution methods (algorithms)
employed in the system and in section 5 we summarize some of the practical experiences
we have had with the system. We conclude this article with a summary and an outlook
of future development.
2.

Problem description

2.1. Problem representation
In this section, we give a detailed description of the most important aspects of the airline crew rostering problem and elaborate on the main ingredients. Figure 1 provides
a graphical representation of crew rostering catered to the different problem types described above. In the following we describe the figure and point out possible exceptions.
The input for a crew rostering problem consists in general of crew information,
activities to be rostered, rules and regulations, and objectives for the creation of the rosters. However, when creating bidlines, i.e., anonymous rosters, individual crew aspects
are not considered.
When producing personalized rosters, each crewmember’s personal records, qualifications, pre-assigned activities, and vacation days are given. The records usually contain accumulated attributes such as hours flown during the current calendar year. Other
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Figure 1. Representation of the airline crew rostering problem.

values of interest are due dates for training or possible exceptions from certain rules and
regulations. Personal qualifications contain for instance information about the equipment the crewmember can operate or a list of destinations the crewmember cannot fly
to. For cabin crew, language proficiency is an important qualification for international
flights. Pre-assigned activities could be training, office duties or medical checks.
The set of activities which are to be assigned consists of pairings, reserves (e.g.,
airport and home standby duties), ground duties (e.g., medical checks), and training
activities (e.g., simulator training and courses). In the bidlines approach, only pairings
and reserve blocks are usually considered as input. In the following, we will refer to the
activities as tasks when they are assigned to an individual.
The rules and regulations and objective functions are described in detail in the
following subsections.
2.2. Typical rules and regulations
The rules and regulations express the conditions under which a roster is considered legal.
Some of these may be due to legislation and governmental agencies (e.g., the Federal
Aviation Administration in the USA), some may be imposed by the airline itself, and
others are due to agreements between the company and employee unions.
In this subsection, we focus mainly on a detailed description of typical rules and
regulations which are applied at airlines. The different possibilities of how rules are
modeled and implemented are discussed in section 3. In the description of the rules, we
distinguish between so called horizontal, vertical and artificial rules. This classification
corresponds to the Gantt-charts presentation of rosters and solutions in the Carmen Crew
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Rostering system. Rosters are represented as rows and hence rules which only depend
on one roster and crewmember are called horizontal. Vertical rules combine information
across several rows, i.e., several rosters and crewmembers. Artificial rules can be of both
types and represent additional constraints which are used to exclude (feasible) solutions
of poor quality and to better direct solution methods.
2.2.1. Horizontal rules
These rules apply to single rosters only and do not consider any other rosters in the solution. The horizontal rules are concerned with attributes of the crewmember for which
the roster is generated and with properties of the assigned activities. The majority of
rules of crew rostering problems belong to this category. Large European airlines for
instance usually have more than 100 horizontal rules and regulations to consider. It is
not possible to give a comprehensive overview of all rules that may exist at an airline.
Instead, we present what we consider important types of rules and give some concrete
examples.
(Person, task, time)-compatibility. These rules are “easy” in the sense that one can
calculate (as preprocessing to the scheduling) the legality of any (person, task, time)combination. The incompatibility may be due to lack of qualifications or need (e.g.,
medical checks) or pre-assignments (including planned absences). A special, but important, case occurs when a crew member changes function during the planning period.
Before the day of the function change the crewmember must be assigned in say, cabin
attendant position, but after the function change the crew member must be assigned in
the purser position. More complex rules of this type may also exist. For example, the
(person, task, time)-compatibility may depend on the assignment of a previous task. This
type of rule does obviously not occur in the first phase of the bidlines approach, i.e., the
creation of the anonymous rosters.
Rest time between tasks. These rules are also generally easy since they determine
whether two tasks can follow immediately after each other. The calculation of the rest
time itself may be rather complex since it may be influenced by many factors such as the
length (days, duty time, block time, etc.) of the previous pairing or the last duty period
of the previous duty period (possible night duty, time zones crossed, etc.).
In many cases, attributes of the next task or the first leg of the next task may also
influence the rest time. Typical attributes of this kind are the type of task (flight, ground
or reserve duty) and the time of the day the task under consideration starts and/or ends.
In some situations the rest time can depend on more than the previous and next
task. For example, it can be related to other previous tasks or to the person. In the latter
case, medical restrictions may require different rest times.
Rest day patterns. Pairings and other tasks are naturally grouped into working periods.
In short and medium haul a working period typically consists of several tasks but in
long haul a working period is often a single pairing. The duration of a working period,
usually measured in working days, is always limited. In short and medium haul the limit
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is usually between 4 and 8 days, in long haul it is usually slightly more than the length
of the longest legal pairing length. At the end of a working period some (often two)
calendar days without any duty must be given.
Often, the rest time produced by the last task of the working period is not included
in this off-duty period and the required rest may be extended if the working period is
particularly long. Moreover, certain patterns might need to be satisfied in a longer time
period, e.g., at least four consecutive days off in a calendar month.
Some airlines operate “fixed” rest day patterns. The crewmembers always work
for a period of a days and are afterwards off-duty for b days.
Accumulated values. All airlines have rules limiting the number of block hours, often
on a monthly and yearly basis. Also there are rules guaranteeing a minimum number of
days off. Many other accumulated values may also define rules. Examples include: duty
hours and number of “heavy” duties (e.g., many flight legs, many block hours or many
duty hours).
In most cases, the accumulated value is only bounded from one side, but exceptions
occur. For example, Gamache et al. (1998) report that the number of monthly block
hours at Air Canada must be in the interval from 70 to 78.
The constraint on the accumulated value may be imposed in fixed intervals, such
as calendar month or calendar week, or in gliding intervals, such as all 7 consecutive
calendar days or all 168 consecutive hour periods. Also it may be imposed on a working
period regardless of its length.
Several constraints on accumulated values are defined on a time period longer than
the usual planning period. Examples include limits on block hours and days off defined
on 3-month periods and the calendar year. Also the yearly vacation belongs to this category. It must be given at some time, but not necessarily during any particular planning
period. Another example could be highly attractive tasks where each crewmember may
be guaranteed at least one of these per calendar year.
Further example of horizontal rules. We give one more example of horizontal rules
that reflects the complexity of the rules and regulations.
Traveling across several time zones is tiring and some time for acclimatization
may be needed. In long haul crew rostering, this often means that an eastbound pairing
satisfying some criteria on, e.g., duration and time zones crossed cannot, during the next
a days, be followed by a westbound pairing satisfying some, possibly other, criteria on,
e.g., duration and time zones crossed. Another implementation of the same principle is
to let the minimum number of days off between two pairings depend on the maximal
difference in time zones on the two pairings. A third implementation is to grant an extra
day off between the pairings (provided that some criteria are satisfied) unless it is the
first time this occurs during the month.
2.2.2. Vertical rules
Vertical rules concern more than just one roster. In most cases, they depend on a subset
of rosters, but there are also some that concern the whole schedule. The basic building
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blocks of vertical rules are:
1. Crew complement.
2. Qualification-type constraints:
• Task-qualifications;
• Leg-qualifications.
3. Global constraints.
Crew complement. Even though the crew rostering problem is usually decomposed by
crew, different activities require different crew complements. For example, for a shorthaul cockpit crew problem, flight pairings are usually assigned to one captain and one
first officer. However, certain ground duties such as simulator training could require
two captains and one first officer. Moreover, certain tasks may require additional positions such as instructors. Even though crew complement can be seen as a special taskqualification constraint (see below), we treat it separately since it is the most important
type of vertical constraint.
Qualification-type constraints. Particular tasks may require that some crewmembers
hold some particular qualifications. This is mainly a cabin problem, but also occurs for
cockpit crew. The constraint itself can be defined on the task, or the flight leg level,
i.e., the constraint applies to a task, or a flight leg. For example, if all crewmembers
on a flight leg fly the same pairing, or the qualification requirements are defined for the
pairing only, it is more efficient to deal with it on the task level. The following lists some
important examples of qualification-type constraints and state on which level they are
defined.
• Inexperienced crewmembers. The number of inexperienced crewmembers on a particular pairing is usually bounded. In cockpit crew problems, at most one inexperienced pilot can operate a pairing. This constraint is usually found on the task level.
• Must fly together. In many cases some crewmembers must be assigned the same
activities, where the set of activities is not predefined. This rule could apply for
instance to married couples for a certain number of pairings per month.
• Incompatibilities. Often, some crewmembers are incompatible in the sense that they
cannot be assigned to the same pairing – and possibly not to some ground duties as
well – due to conflicting personalities. This is primarily a cockpit problem and it
occurs most frequently in long haul where the crew has to cooperate for a quite long
period of time. This constraint is typically an example of a task-qualification.
• Language qualification. In the following, we give an important example of a typical
leg-qualification constraint. However, note that most of the task-qualifications listed
above could appear on a strict subset of the legs of the pairing and would then be
leg-qualification constraints. In long-haul cabin crew problems these constraints are
usually present. For example, on a Copenhagen–Bangkok flight leg we may need five
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Thai speaking cabin attendants. This is clearly a leg qualification. If all 15 cabin attendants on the flight fly the same pairing we could apply the qualification constraint
on the pairing instead of the leg. Since the number of tasks is generally much smaller
than the number of legs this will cause fewer constraints in the master problem. Unfortunately the 15 cabin attendants may not fly the same pairing. Assume that 12
continue on the plane from Bangkok to Singapore (this leg only requires 12 cabin
attendants) whereas 3 cabin attendants have a layover in Bangkok before they return
to Copenhagen. Now the question is, how to “divide” the 5 language requirements
between the 12-person pairing and the 3-person pairing? Since this question cannot
be answered a priori, it must become a part of the optimization in the master problem
and hence be modeled on the leg level.
Global constraints. All vertical constraints considered so far are applied on all (or
some) tasks. For example, all pairings may have a language requirement. Each language
constraint is applied on a small subset of all rosters, namely those, which contain the
pairings in question. Global constraints are constraints, which put requirements on the
entire solution. Examples of global constraints include:
• Upper bound on the costs of the solution. For example, one may wish to maximize
crew satisfaction subject to a constraint on the total costs. Gamache et al. (1998)
describe a version of this where the objective is to maximize crew bids subject to
constraints on the number of “low time schedules” (which are unattractive) and the
number of “open schedules,” i.e., unassigned activities.
• Constraints on overall bid satisfaction. For example, 80% of all priority one bids
must be granted or 80% of all days-off bids must be granted.
• Horizontal rules defined on more than the planning period. Examples: (i) one extra
day off must be assigned every quarter of a year or (ii) at least one pairing to Japan
must be assigned every year. Here a global constraint can help ensure that a sufficient
number of extra days-off are assigned or that a sufficient number of crew members
have been in Japan.
Further vertical constraints. The following constraints can be modeled in different
ways and seen as composition of the building blocks described above.
• Fly below rank. In many places, a captain is qualified to fly as first officer, i.e., to
fly below rank, but a first officer is rarely qualified to fly as a captain. Therefore
airlines can increase the flexibility in the planning by having more captains and fewer
first officers. There may be limitations on the assignment of first officer duties to
captains. For example, particular captains may never be assigned such duties, such as
newly promoted captains (who need to practice their captain qualifications) and very
senior captains. Also there may be limitations on the number of first officer duties
that can be assigned to other captains. Fly below rank occurs mostly on the pairing
or task level.
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• Training programs. In training programs, which are also referred to as route instructions, an instructor and a trainee have to fly in a certain part of the planning period
together. A typical example is when a new pilot is getting his/her inflight training
under the supervision of an instructor and an optional safety pilot. The trainees are
supposed to fly together with several instructors during their training program, and
with each instructor a certain number of consecutive flights.
2.2.3. Artificial rules
Usually, airlines introduce additional constraints which are not required due to legislation or contractual agreements, but which affect the quality of the schedule. Artificial
rules (also called quality rules) are based mainly on the experience of the planners and
provide a further restriction of the solution space such that unattractive solutions are
omitted. Thereby, the following aspects are considered:
• Robustness of the solution.
• Support for solution methods.
At day of operation, the schedule might have to be changed due to changes in the
timetable or to sickness of crewmembers. Hence one tries to take this into account at the
planning stage by creating robust solutions. For example, if the maximum number of
block hours in a seven day interval is 30, and in a particular roster one reaches 29 hours,
it is quite likely that the roster becomes infeasible at a certain stage, since there is only
a buffer of 60 minutes delay. Another example for planning with some margin is to permit layovers of 12 hours at day of operation but require 13 hours in the crew rostering
problem. One more possibility is planning sufficiently many reserve duties.
Additional rules can also contribute to obtain better performance of solution methods by excluding rosters, e.g., from the generation, which are unlikely to be part in a
good solution. For example, even if a rest of 10 days between two pairings might be
legal, it would not be acceptable in practice and therefore it should be prohibited that
these rests are considered and generated.
2.3. Objectives
There are four kinds of objectives which can be typically found in crew rostering problems. In most cases, airlines would apply some combination of them, either by combining them to one objective function, or by introducing global constraints for some of
them while optimizing for another objective function.
2.3.1. Objectives related to real costs
Open time is the usual airline term for unassigned activities. The existence of open time
does not necessarily mean that the solution is not feasible. Even if the unassigned activity
is a pairing, it may be possible to solve the problem by asking crew to do over-time, by
reducing the number of reserves, by hiring new crew or by canceling the flight. To
minimize (often avoid) open time is always a major component of the objective function
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in crew rostering. Typically the cost of not assigning a task can be calculated a priori. It
is often related to the type of task (ground duty or flight duty and crew category) as well
as the length of the task. It is usually better to have three unassigned one-day pairings
than one unassigned three-day pairing.
Overtime payment is another common example of a real cost component. In Europe, crewmembers are often paid a regular salary for up to a certain number of block
hours per year. Block hours in excess of this have to be paid separately. In this situation one wants to avoid that some crewmembers receive overtime payments while others
fly substantially less than what they can fly without extra payment. Since this cost is
calculated on a yearly base, an approach similar to the one discussed under “equal assignment” (see below) must be applied.
A related problem concerns so-called “freelancers.” These are pilots, that do not
have a fixed salary and get paid for how much they fly. In this case, one tries to minimize
the work assigned to freelancers while distributing the work among other crewmembers.
Other important cost components are usually related to simulator assignments. If
simulator training is away from base, positioning flights (also called deadhead flights),
hotel costs, etc., need to be considered.
Multibase problems may also contain a real cost component. Moving pairings
between bases requires deadheads for crew. Crewmembers that are temporarily moved
to another base may receive extra compensations.
2.3.2. Objectives related to the robustness of the solution
An alternative to “planning with margins” (as described above) is to permit, but penalize,
patterns which may cause problems. Clearly, the cost must be related to the probability
of “problems” multiplied by the excess cost of the “problem.” Rosters which are likely
to cause problems are generally those which “go to the limit” of some rule, but other
issues may be relevant as well. For example, the reserve duty allocation should be compatible with the pairings. If most reserve blocks are one day long, but most pairings are
intercontinental, the reserve blocks are not going to be useful in practice.
It is also well known within airlines that crewmembers assigned “hard” rosters
are more likely to report sick than crewmembers assigned “easy” rosters. Often, this
problem applies to particular crewmembers. This kind of knowledge is often problematic
to formalize, but should be taken into account in the formulation of the objective function
by penalizing “hard” rosters.
2.3.3. Objectives related to particular roster attributes
In most cases, various quality criteria are also modeled in the objective function. The criteria correspond to particular attributes of each assignment and how these are distributed
among the crewmembers.
In Europe, equal assignment is predominant, which means that these attributes
should be assigned as equally as possible. Examples include the number of duty hours,
block hours, days off, per diem, early starts and layovers at particular airports. Also bid
satisfaction may be an issue to be equalized. Often equalization within one planning
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period is not an important issue, but equalization over the year is the main issue. To accomplish this one has to keep track of historical data as well as data on planned absences,
vacation, etc. Based on these data one can calculate personal targets for each crewmember for the current planning period for each attribute to be equalized. To implement the
equal assignment criteria it is necessary to define the penalties for deviations from the
average values. This function is nonlinear in general since a few large deviations may
be worse than many small deviations.
Particular work patterns are also considered in rostering, in particular in the bidlines approach. Regularity in bidlines is considered very attractive. For instance, a “perfect roster” contains essentially the same pairings that are flown on the same weekdays
throughout the roster. Since rostering is based on seniority in North America, unattractive patterns, such as night flying and one-day working periods, are condensed in as few
rosters as possible that are then flown by junior crew.
2.3.4. Objectives related to individual preferences
In an increasing number of airlines, crewmembers can express preferences with respect
to their schedule before the crew rostering step in the planning process. Different types
of individual preferences ranging from bids for specific pairings to general scheduling
preferences such as wishes for morning duties can be incorporated in the crew rostering
problem.
Depending on the preferential bidding policy, awarding of the bids is done in strict
seniority order or based on fair-share. Some airlines apply a combination of both, i.e.,
certain bid types are distributed equally while for others seniority is considered.
As mentioned in the introduction, a preferential bidding system draws large attention from crew and becomes very often a large political issue. Expectation management
is of great importance in all stages of a production taking. For example, the Carmen Preferential Bidding system tackles this issue by providing a web based bidding interface for
crew that presents crew with immediate feedback while they bid. In particular, the system determines and presents roster characteristics based on the preferences entered by a
particular crewmember.
However, from a mathematical point of view preferential bidding can be mostly
reduced to a different objective function while most of the general crew rostering principles apply.
3.

Mathematical model

In this section we model the crew rostering problem mathematically. We first introduce
a basic and simplified form of the problem and then extend it subsequently.
As pointed out above, most of the methods for crew rostering used in practice are
based on the generate-and-optimize principle. Therefore we assume in the modeling
that horizontal rules are implicitly satisfied by the roster generation. For further details
we refer to section 4.1. In this section, we focus therefore on the modeling of vertical
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constraints as they occur in the master (optimization) problem and treat the generation
problem as a black box returning legal rosters.
3.1. Basic model
Let us consider the crew rostering problem in its simplest form. Given is a set of activities A containing assignable activities such as pairings, ground duties and reserves,
and a set of crew members C. We denote the cardinalities of the two set by mA and mC ,
respectively. The problem in this basic form is to obtain legal rosters Rk ⊂ A for each
crewmember k (1  k  mC ), which partition A, i.e.,
A = R1 ∪ R2 ∪ · · · ∪ R|C | ,
and minimize some linear objective function on the costs of each roster ck . As stated
already, a roster is considered legal if it satisfies the horizontal rules and regulations.
In this form, the crew rostering problem can be viewed as a set partitioning problem
with extra constraints on the subsets. A further particularity in the view of scheduling
problems in general is that the scheduled activities are fixed in time.
When applying a generate-and-optimize approach, a large number of feasible rosters Rj ∈ A (at least one per crewmember) are generated. Ideally, we would generate
all feasible rosters, but for most major airlines this number would be enormous. After
the generation of, say n, rosters, a set partitioning problem is solved for selecting the
best combination of rosters with respect to the (linear) objective function.
Let x ∈ {0, 1}n be the decision variable whose j th entry is one if roster Rj is
chosen, and let the costs of the rosters be given by c ∈ Rn . We denote by the {0, 1}
matrix A the m × n constraint matrix of the set partitioning problem, where m = mA +
mC . The j th column of A has a one in row i if it contains the roster for crewmember i,
and a one in row k ∈ {mC + 1, . . . , m} if activity k − mC is part of the roster. In compact
form, the set partitioning problem can be written as


(1)
(SPP) z∗ := min ct x: Ax = e, x ∈ {0, 1}n ,
where e denotes the vector of all ones. For each crewmember exactly one roster has to
be assigned and each activity must be in exactly one roster.
We now introduce an example for the constraints in the basic model which is going
to be extended in the following parts of the problem description.
Example 3.1. Suppose that for each crewmember three rosters have been generated,
hence n = 3mC and the constraint matrix A looks like as in table 1.
As mentioned above there are two types of constraints represented by A in the
basic model. The assignment constraints make sure that each crewmember gets assigned
exactly one roster, i.e., they form an mC × n block of A. The activity constraints ensure
that each activity is assigned exactly once in the solution. The right-hand side is one in
the basic model, i.e., each activity needs to be assigned exactly once.
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Table 1
Crew1

Crew2

R1

R2

R3

1

1

1

1
0
..
.
1

1
1
..
.
0

0
1
..
.
1

Crew|C |

R4

R5

R6

1

1

1

1
0
..
.
0

0
0
..
.
0

1
1
..
.
0

...
...
...
..
.
...
...
...
...

Rn−2

Rn−1

Rn

1

1

1

=
=
..
.
=

0
1
..
.
0

1
0
..
.
1

0
1
..
.
0

=
=
..
.
=

1
1
..
.
1

Assignment
constraints

1
1
..
.
1

Activities

3.2. Extensions of the basic model
We now extend the basic model from the previous section and show how the various
vertical rules introduced in section 2.2.2 are expressed. This is done by introducing
additional constraints and by generalizing the set partitioning constraints.
Crew complement. Implementing crew complement in the basic model is straight forward. For each crew position under consideration, one mA × n block for the rosters
is used. The right-hand side corresponds to the need on the particular position of the
activity. Hence, we state the generalized set partitioning problem as


(2)
(GSPP) z∗ := min ct x: Ax = b, x ∈ {0, 1}n ,
where b denotes the vector of integer right-hand sides. The right-hand sides of the
assignment constraints will all be ones whereas the right-hand sides of the activity constraints can take any positive integer value.
Example 3.2. To continue with the example introduced in section 3.1 let us consider
that all activities require a crew complement of one captain (CP) and of one first officer
(FO) except the last activity which requires two captains (this could be a simulator slot).
Then the right-hand sides are all ones except for a two in the last row of the first block,
while there are only ones in the second block representing the FO position (see table 2).
The left-hand side contains again the rosters of the individual crewmembers. However,
in each column of A only rosters for the crew position are given. In the example, the
first two crew members are captains and the last one is a first officer.
Qualification constraints. As mentioned above, task- and leg-qualification constraints
contain crew complement as a special case. For each task/leg where a certain qualification is necessary, an extra row per qualification is introduced. The right-hand side
corresponds to the number of persons needed to have the particular qualification.
• Inexperienced crewmembers.
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Table 2

R1

Crew1
CP
R2

R4

Crew2
CP
R5

R3

R6

...

1
0
..
.
1

1
1
..
.
0

0
1
..
.
1

1
0
..
.
0

0
0
..
.
0

1
1
..
.
0

...
...

0
0
..
.
0

0
0
..
.
0

0
0
..
.
0

0
0
..
.
0

0
0
..
.
0

0
0
..
.
0

Crew|C |
FO
Rn−2
Rn−1

...
...
...
...

Rn

0
0
..
.
0

0
0
..
.
0

0
0
..
.
0

=
=
..
.
=

1
1
..
.
2

CP activities

0
1
..
.
0

1
0
..
.
1

0
1
..
.
0

=
=
..
.
=

1
1
..
.
1

FO activities



..
.


1
1
..
.
1

Inexperienced

Table 3
Crew1
experienced
R1
R2
R3
0
0
..
.
0

0
0
..
.
0

0
0
..
.
0

Crew2
inexperienced
R4
R5
R6
1
0
..
.
0

0
0
..
.
0

1
1
..
.
0

...
...
...
...

Crew|C |
inexperienced
Rn−2
Rn−1
Rn
0
1
..
.
0

1
0
..
.
1

0
1
..
.
0

Example 3.3 (Inexperienced crewmembers). For the cockpit example from above, one
now requires that for all activities at least one of the two pilots is experienced, i.e., at
most one is inexperienced. This situation can be modeled in the following way (see
table 3). For each experienced pilot, all the entries corresponding to this block are zero.
For the inexperienced crewmembers, however, all activities in the roster on which the
qualification constraint is applied are represented by ones. Since there can be at most
one inexperienced pilot assigned to one activity, R4 and Rn−1 cannot be in the solution
at the same time since both crewmembers are inexperienced.
• Must fly together. This constraint specifies that two crew members, say Crew1 and
Crew|C | , must be assigned to the same activities. This constraint typically applies to
a subset of the activities, e.g., the activities within a certain time interval. We need a
constraint for each activity on which the constraint is applied. The constraint ensures
that either both Crew1 and Crew|C | are assigned to the activity or none of them are assigned to the activity. This is done with a +1 and −1 coefficient, respectively, in case
the activity is on the roster. Note that the number of must fly together constraints
becomes quite large if there are many crew members who must fly together as we
need one constraint per activity. Further, the empirical observation is, that the integer properties of these constraints tend to be poor, i.e., the integer program becomes
much harder.
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Table 4
Crew1
fly together

Crew2
fly together

Crew|C |

R1

R2

R3

R4

R5

R6

...

Rn−2

Rn−1

Rn

+1

+1

0

0

0

0

...

0

−1

0

=

0

Must fly together

Table 5
Crew1
incompatible
R1
R2
R3
1

1

Crew2
R4
R5
R6

0

0

0

...

0

Crew|C |
incompatible
Rn−2
Rn−1
Rn

...

0

1



0

1

Incompatibility

Table 6
Crew1

Crew2

Crew|C |

R1

R2

R3

R4

R5

R6

...

Rn−2

Rn−1

Rn

c̄1

c̄2

c̄3

c̄4

c̄5

c̄6

...

c̄n−2

c̄n−1

c̄



C

Global constraint

Example 3.4. In our example, Crew1 and Crew|C | must either both be assigned to the
first activity or none of them is assigned to the first activity (see table 4). The entries
for the first and the last crewmembers of this row are +1 and −1, respectively, and the
right-hand side is zero.

• Incompatibilities. Modeling incompatibilities is straight forward, too. For each of
these restrictions one row is added, having all ones for the crew members for which
the incompatibility applies. In general, this is a roster-qualification constraint.
Example 3.5. Regarding the example, suppose that the first and the last crewmembers
must not fly together on the first pairing (see table 5). The entries for the first and the
last crewmembers of this row are one, and the row sum must not be langer than one.

Global constraints. A typical global constraint is a bound on the overall costs as mentioned above. Suppose that for each roster we have costs c̄j associated and that the
modeled solution costs should not exceed some constant C.
Example 3.6. For our cockpit crew problem, this can be modeled by the extra row (see
table 6).
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Table 7

R11

Crew1
CP
R12
R2

R3

R4

Crew2
CP
R5

R6

...

1
0
..
.
1

0
0
..
.
1

1
1
..
.
0

0
1
..
.
1

1
0
..
.
0

0
0
..
.
0

1
1
..
.
0

...
...

0
0
..
.
0

1
0
..
.
0

0
0
..
.
0

0
0
..
.
0

0
0
..
.
0

0
0
..
.
0

0
0
..
.
0

...
...

...

...

Crew|C |
FO
Rn−2
Rn−1

Rn

0
0
..
.
0

0
0
..
.
0

0
0
..
.
0

=
=
..
.
=

1
1
..
.
1

CP rosters

0
1
..
.
0

1
0
..
.
1

0
1
..
.
0

=
=
..
.
=

1
1
..
.
1

FO rosters

Further vertical rules
In the following, we construct more complex constraints using the building blocks described above.
• Fly below rank. If one thinks of each (pairing, crew position)-combination as a
unique task, then fly below rank belongs to the individual rule set. Alternatively
the horizontal rule set may assume that a complement is always assigned in his usual
position. In this case one will have to treat fly below rank as a relaxation of the vertical constraint requiring each crew position on the pairing to be assigned a particular
number of times.
In the following example, two alternatives for the modeling of fly below rank are
presented and their advantages and disadvantages are discussed.
Example 3.7. Let us consider the cockpit example again. Now assume that the first
crewmember who has captain rank can fly below rank. As pointed out above, there are
two options for modeling this. The first one is to use crew complement for this. The idea
is to produce extra columns for this pilot which are basically copies of the existing ones
except that one or more activities are generated for the FO position. If, in the present
example, we restrict the pairings for which this can be the case to the first one then we
generate extra columns for the particular crewmember, i.e., one extra column for the first
crewmember (as shown for one roster in table 7). The disadvantage in this approach is
the large number of extra variables constructed if there are many pilots that can fly below
rank. However, this can be partly avoided by limiting the number of copies of rosters for
a particular crewmember.
An alternative is to model fly below rank with qualification constraints and at the
same time to use a different model for crew complement. For cockpit crew, for example,
the modified crew complement constraint requires that there are two pilots assigned
to the pairing. The qualification constraints take care of the fact that there is at least
one crewmember with captain qualification. The advantage here is that the number of
variables, i.e., columns is not increased (see table 8). However, after solving the IP, it is
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Table 8

R1

Crew1
CP
R2

R4

Crew2
CP
R5

R3

R6

...

1
0
..
.
1

1
1
..
.
0

0
1
..
.
1

1
0
..
.
0

0
0
..
.
0

1
1
..
.
0

...
...

1
0
..
.
1

1
1
..
.
0

0
1
..
.
1

1
0
..
.
0

0
0
..
.
0

1
1
..
.
0

...
...
...
...

Crew|C |
FO
Rn−2
Rn−1

Rn

0
1
..
.
0

1
0
..
.
1

0
1
..
.
0

=
=
..
.
=

2
2
..
.
2

Modified crew
complement

0
0
..
.
0

0
0
..
.
0

0
0
..
.
0



..
.


1
1
..
.
1

Qualification
constraints

not determined who works in which rank. In practice, there are often limitations in how
often a person can be assigned below rank over a certain time period. These rules cannot
be modeled properly with this approach.
• Training programs. As introduced in the previous section, route instruction is the requirement that two or three crewmembers must be assigned to the same trips during
a certain period. In the Carmen Crew Rostering systems, this is modeled using one
must-fly-together constraint for each task in this period. One of the three crewmembers, e.g., the instructor, has a +2 coefficient and the others have −1 coefficients in
the constraint. The generation method provides the right coefficients to consider only
activities falling into the period and on top of that generates “similar” rosters for these
groups.
4.

Solution methods

4.1. A commercial crew rostering system
In this section we first give a brief presentation of the Carmen Crew Rostering system
as an example of how to solve the crew rostering problem in practice. In the subsequent
sections we detail the algorithms and methods employed in the system.
Figure 2 shows the three main components of the automatic planning functionality
of the Carmen Crew Rostering system: the rule evaluator, the generator and the optimizer. The purpose of the generator is to generate a large number of possible rosters for
each crewmember. The optimizer chooses one roster per crewmember while ensuring
that all pairings and other duties are assigned and vertical constraints are respected. The
generator uses the rule and value evaluator to ensure legality of the rosters generated and
to calculate the other attributes of the generated rosters.
The core of the automatic solution methods is the generator. The key to getting the
best possible solution is – not surprisingly – to generate the right rosters. Most of our
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Figure 2. Overview of the Carmen Crew Rostering system.

efforts on automatic planning are put into the development of generation methods. The
generator is covered in depth in the following sections. Here we briefly discuss the rule
evaluator and the optimizer.
The rule modeling tool Carmen Rave is a special purpose programming language
used to express the horizontal rules and regulations. It is also used to specify the objective function coefficients and other attributes of a roster or a chain of activities. Such
values can be the contribution of the roster to a vertical constraint or a value used to
control the generation process. The Rave source code is compiled into C code by the
Carmen Rave Compiler supplied with the Carmen system. This makes it possible for the
end user to maintain and modify rules and regulations.
The concept of a rule programming language is not unique for the Carmen systems.
The crew scheduling products developed by SBS (SBS International, 2003) also come
with a rule programming language Rule Talk which is somewhat similar to Carmen Rave.
To our knowledge, other vendors do not provide a rule programming language; however,
table and parameter driven configuration of rules is supported by their products.
There are a number of advantages to a rule modeling language. These include:
• Fast and correct modeling of the problem. The user can read and understand the
rule implementation. This makes it possible to verify correctness without exhaustive
testing.
• It is easy to change and maintain the rules, regulations and objectives. The user can
do it himself/herself.
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Figure 3. A typical solution process.

• Consistency between rules used in crew pairing, crew rostering and preferential bidding. The same rule implementation can be used.
However, these features do not come for free. The optimization methods, that is
the generator and IP optimizer components in figure 2, have no particular knowledge
of the rules and objectives and can only “ask” simple questions about legality and cost.
Therefore some problem-specific knowledge cannot be used in the solution process.
Problems of type (2), with the extentions described in section 3 are integer programs for which any standard IP solver can be used. In the Carmen Crew Rostering
system we had originally used ILOG CPLEX (ILOG, 2002) and have recently shifted
to Dash Optimization’s Xpress-MP (Dash Optimization, 2002). We have done a limited
tuning of parameters including focus on feasibility rather than proven optimality and
choice of LP optimizer (simplex or interior point) depending on the problem size.
4.2. Construction and improvement methods
We distinguish between construction methods, which are used to construct an initial
solution from “scratch” and improvement methods which can be applied iteratively to
improve a given solution. Figure 3 illustrates the usual solution process. First a construction method is used, then improvement methods are applied iteratively. The methods can be configured in numerous ways through parameters and expressions in the rule
language. They can be run in any order and terminated at any point, keeping the best
solution obtained.

244

KOHL AND KARISCH

Figure 4. The Carmen construction method.

4.2.1. Construction methods
The main construction method is based on sequential assignment of activities to
crewmembers. In each iteration of the construction method, an optimal assignment
(1-matching in a bipartite graph) of (at most) one activity per crewmember is constructed. If an activity must be assigned to more than one crewmember it is simply
duplicated in the graph. However, we do not need to evaluate legality and costs for
assigning each of the different copies of the same activity to the same crewmember.
Solving the assignment problem and updating the rosters may leave a number of
activities unassigned, so the procedure is applied iteratively. In each iteration the starting
point is the rosters constructed so far and the so far unassigned activities. The method terminates when all activities have been assigned or when no more assignments are legally
possible. Figure 4 illustrates one iteration of this process. The upper part shows the possible assignments. The lower part shows the costs associated with each legal assignment.
Note that in this example the optimal assignment of activities to crewmembers requires
that only one crewmember get his/her “best” activity.
Note that the objective function in the construction method needs not be the “real”
objective function. For example, very long activities may be very important to assign
initially since they will be difficult to assign with the improvement methods applied
later in the solution procedure. Such consideration can be incorporated in the objective
function of the construction heuristic.
4.2.2. The path graph and the individual possible set
Before the execution of any improvement method a path graph is set up. The path graph
G is a directed acyclic graph with node set A (the set of activities) plus a source and a
sink node and arc set corresponding to the possible combinations of activities which can
follow immediately after each other. The existence of arc (a1 , a1 ), a1 , a2 ∈ A, does not

AIRLINE CREW ROSTERING

245

guarantee that activity a2 can always be assigned as immediate successor of activity a1 ,
but the absence of the arc guarantees that it will never be possible.
The existence of an arc is determined by evaluating legality on a roster consisting
of the two activities assigned to an “anonymous” crewmember. To set up the entire
graph requires slightly less than |A|2 /2 rule evaluations since we only have to consider
the existence of arc (a1 , a2 ) if a2 starts later than the end of a1 . The reason for using an
“anonymous” crewmember is to save memory. With, for example, 2000 crewmembers
and |A| = 6000 an explicit representation of individual path graphs could contain as
much as 36 billion arcs whereas the “anonymous” path graph contains at most 18 million
arcs.
The path graph is not necessary to generate rosters, but should be seen as a cache
of information about the compatibility of pairs of activities. Without this cache many
unnecessary rule evaluations would have to be carried out.
Since the path graph is not personal it is not suitable for storing information on
the (crewmember, activity) compatibility. Often an activity cannot be assigned to some
crewmembers since special qualifications are required. It is important to cache such information instead of “discovering” it at the expense of a rule evaluation. To accomplish
this, one can set up an explicit representation of the set of possible activities for all crew
members. This is also done once before generation starts and requires |C||A| rule evaluations. The individual possible set is used together with the path graph. During generation, if we consider to assign activity a2 immediately after activity a1 to crewmember c
we test two conditions before executing a rule evaluation:
1. Is a2 in the possible set of c?
2. Does the arc (a1 , a2 ) exist in the path graph?
4.2.3. Generation limitations
As opposed to the set up of the path graph and the individual possible sets, the generation limitations are carried out in each iteration of the improvement method. The
starting point is the solution rosters from the previous iteration, i.e., those picked by the
IP optimizer. For each crewmember we choose a subset of those activities found on the
solution roster. These activities are considered “locked” in the current iteration – they
belong to the required set. The remaining activities are deassigned from the roster and
become possible for all crewmembers. The number of rosters which can be generated
depends heavily on:
1. The number of required activities on a roster. More required activities means less
time for possible activities which means fewer generated rosters.
2. The number of possible activities. Many possible activities means many generated
rosters.
3. The duration of the possible activities. Short activities means that more activities will
fit on a roster which, in turn, increases the number of generated rosters.
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The user can influence the size of the first two measures and the selection of the
required set through method parameters as we are going to discuss in section 4.2.5.
4.2.4. The generator
When generation starts, a crewmember has a (possibly empty) set of required activities, i.e., activities which must be assigned. These activities may be “locked” to the
crewmember by the user or may be locked temporarily, cf. section 4.2.3. The set of
possible activities consists of all those activities which are currently not locked to a
crewmember. It includes also those activities which have been unlocked for this iteration.
For a particular crewmember the set of possible activities can be further reduced to
those that “can be reached in the path graph” from the required activities. For example,
activities overlapping time-wise with those in the required set need not be considered.
We need not treat this explicitly, since the generator only considers incremental augmentations corresponding to arcs in the path graph.
The generator considers all crewmembers sequentially. For each crew member it
carries out a depth first search. For the sake of simplicity we will consider the case where
there is only required activities R before all possible activities P , i.e., we are generating
the last part of the roster. In this case the generator will first find the last required activity
last and execute the recursive function generate:
generate (R, last)
if legal(R) then

begin
if complete(R) then output(R)
∀next | (last, next) ∈ G ∧ next ∈ P
begin
R := R ∪ next
generate (R, next)
R := R \ next
end
end
The generator uses incremental rule evaluation to prune the search as soon as the
roster becomes illegal (the recursive call of generate initially tests that legal is true). This
is to avoid generating a large number of rosters which are all illegal due to choices done
early in the search. Incremental rule evaluation is crucial for performance, but introduces
the so called illegal subchain problem. This occurs if, for example, activities a, b and
c constitute a legal roster, but activities a and b (without c) make the roster illegal. In
this case the incremental rule evaluation will prune the search after a and b have been
assigned, so the roster consisting of a, b and c will never be generated. Typical examples
of such rules are rules which require, for example, working time or working days to be
at least something.
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Figure 5. The possible continuations of a path. The shaded activities are required. The white ones are
possible.

To overcome the illegal subchain problem the rule programmer can state that a rule
should only be used to evaluate when a roster is complete. This is what we need the
function complete for. A roster may be legal without being complete. This is the case if
the roster violates a rule with the illegal subchain property, but satisfies all other rules.
In this case we do not want to output (the function output) it to the IP optimizer, since it
is not a legal roster from the users point of view, but we do not want to backtrack in the
generation either, since it may be the starting point of legal rosters.
The user can limit the search width through method parameters. With a search
width of, e.g., four, only four legal arcs with their origin in a node a ∈ A are considered.
Here legal means that the node (activity) at the end of the arc can legally be inserted in
the roster of the current stage of the search, i.e., legal returns true. This can be illustrated
with an example.
In figure 5 the arcs (a, b), (a, c), (a, d), (a, e), (a, f ) and (a, g) all exist in the
path graph, but with the current set of required activities and the limit on the duration of
a working period, b cannot legally be assigned. Instead we consider the first 4 legal arcs,
corresponding to the assignment of activities c, d, e and f , respectively. Should it turn
out that the roster ending with −a − d is illegal due to some other rule, the generator
would have considered the arcs (a, c), (a, e), (a, f ) and (a, g).
This discussion suggests that the set of arcs with their origin in activity a (or any
other activity) must be ordered. In figure 5 they are ordered by starting time. This is the
default ordering, which makes sense in many cases because assigning the first possible
activity will minimize the unproductive time between activities. However, in some cases
a different ordering would make sense, and for that reason the rule programmer can
implement one or more sort orders. We give some examples where it is appropriate to
define another ordering.
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• Assume that the maximal duration of a working period is five days and the minimal
rest between two working periods is 60 hours. In this case it is efficient to assign an
activity yielding a short rest or assigning an activity yielding a rest of slightly more
than 60 hours. If a minimal rest in all cases must be 10 hours an appropriate variable
to sort by is rest time minus 60 hours if rest time is at least 60 hours and rest time
minus 10 hours, otherwise.
• Assume that pairings with flight legs to and from Rio de Janeiro require some Portuguese speaking crewmembers (vertical constraint) and that Portuguese crew speaking crewmembers is a scarce resource. Therefore we should prefer the Rio pairings
over other pairings when generating for Portuguese speaking crewmembers.
4.2.5. The crew improve method
We will now give examples of some of the concepts discussed in this section by considering a slightly simplified version of the so-called crew improve method, which is one
of the main generation methods in the Carmen Crew Rostering system. The discussion
is not intended to cover all parameters and control possibilities of this method and is just
one of several methods found. The intention is to give a flavor of how the system can
work.
The crew improve algorithm.
∀c ∈ C calculate Group(c)
for It1 := 1 to It1max
begin
∀groups g
begin
twcur := twinit
for It2 := 1 to It2max
begin
∀c | Group(c) = g
Remove all activities a ∈ A for which Overlap(a, twcur )
from the set of required activities of a
∀c ∈ C: generate
Solve the integer program and update the solution
twcur := twcur + twstep
end
end
end
Group is a mapping from a crewmember c ∈ C to an integer defined by the rule
programmer, which partitions the set of crewmembers into groups for which Group(c)
is identical. As a special case all crewmembers may be in the same group. Generally
crewmembers for which Group(c) is identical have “something in common,” e.g., the
same crew rank (position). This is motivated by the fact that crew members belonging to

AIRLINE CREW ROSTERING

249

Figure 6. The opening of activities in a time window.

the same rank “compete” for the same activities, so they should be optimized together,
whereas the different crew ranks are only coupled through the vertical constraints they
contribute to.
The current time window and the initial time window denoted twcur and twinit respectively are time intervals given by a start and end time. The initial time window is
given by the user in the parameter form, whereas the current time window changes during the course of the iterations. Overlap is a function which determines whether activity
a falls within the time window twcur .
There are two iteration counters in the algorithm. It1max determines how many
times a crew group is optimized. Typical values are three to five. It2max counts the
number of improvement iterations within each group. This figure generally depends on
the time window step size twstep and the planning horizon.
Note that rosters are generated for all crewmembers. For those crewmembers
where Group(c) = g, i.e. those which are not in the current group, the required set
of activities is quite large, so it may not be possible to generate anything but the current
roster. Therefore the user may, in the parameter form, choose to replace ∀c ∈ C in the
third “begin” block by ∀c | Group(c) = CurGroup.
The current time window is incremented by twstep , that is its start and end times
are incremented by this value. twstep is a user-defined method parameter which can be
changed in the parameter form.
Figure 6 illustrates the crew improve methods for a case where Group(c) is identical for all c.
4.2.6. The k-shortest path generator
Much recent academic work on crew rostering and related problems, see, e.g. (Desaulniers et al., 1998) for a comprehensive review of this approach, has focused on the
Dantzig–Wolfe decomposition or reduced cost column generation approach, where the
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generation of columns, in our case rosters, is a shortest path type optimization problem
known as the shortest path problem with resource constraints. With this approach it is,
at least in theory, possible to prove lower bounds and in certain cases even obtain proven
optimal solutions. Impressive computational results have been obtained on a number
of time constrained routing and scheduling problems, see (Gamache and Soumis, 1998;
Gamache et al., 1998, 1999).
The shortest path problem with resource constraints is a generalization of the wellknown shortest path problem. The one-dimensional cost label is replaced by a multidimensional label and several labels can be associated with each node of the graph.
Each label corresponds to a distinct path and all relevant (with respect to costs and rule
evaluation) attributes of this path are aggregated in the label. In a simple example the
label could be the triple (block hours, working days, cost). Each element of the triple is
referred to as a resource variable. To evaluate the legality and cost of a path, we only
need to know the resource variables. The path itself is not of relevance. The resource
variables are used for two distinct purposes:
1. The resource variables are used to test legality. Given the right resource variables it
is sufficient to test that their value is within the legal domain. This is clearly most
efficient if the number of resource variables is limited and if they can be calculated
without explicitly considering the entire path.
2. The resource variables are used to compare two different (partial) paths, i.e., two
different (partial) rosters. Given certain non-trivial properties of the rules and cost
function one can establish the mathematical conditions under which one path dominates another path. This knowledge is exploited to prune the search along paths
which are extensions of a path dominated by another path. This way it is sometimes
possible to implicitly enumerate the entire space of possible rosters.
From a theoretical point of view the column generation approach is a beautiful application of two strong mathematical programming concepts: linear programming theory
and dynamic programming. However, it is based on some assumptions which are rarely
completely valid in practice. In particular, we point out the following drawbacks of the
column generation approach:
• The transformation of a complex real-world rule set and objective function into resource variables is non-trivial and can only be done by experts. We are not aware of
the existence of a rule language and compiler for this purpose.
• Most real-world problems do not posses the properties required by the column generation approach to work efficiently. Therefore the pruning motivated by dominance
cannot be exploited, or can only be exploited heuristically. Thus, column generation
reduces to an efficient way to test rules.
The column generation approach has been implemented in commercial crew
scheduling systems used by a number of airlines, see, e.g. (AD OPT Technologies,
2003).
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At the same time, there are ways to exploit column generation without sacrificing
a rule programming language. In (Hjorring and Hansen, 1999) this is demonstrated and
described in detail for the crew pairing problem. The method is denoted the k-shortest
path method. In short, the idea is to solve a shortest path problem (no resource constraints). If the pairing corresponding to the shortest path happens to be legal it is clearly
the shortest legal path. Otherwise (the usual case), the second shortest path is generated,
legality is tested, etc. Sooner or later the shortest legal path will be generated this way.
Finding the k node disjoint shortest path in an acyclic directed graph is computationally cheap, see, e.g. (Martins and Santos, 2000), while the expensive operation is to test
legality.
In the Carmen Crew Rostering system the k-shortest path approach is also implemented. We solve the shortest path problem in the path graph with some activities in
the required set, for example, chosen as in the crew improve method, cf. section 4.2.5.
Then the rule evaluation code is executed on the path (roster). If it is not legal the second
shortest path is found, etc.
The k-shortest path approach is in principle compatible with any rules and the Carmen Rave compiler. In practice it will only perform well, if there is a reasonable chance
that a path will correspond to a legal roster. This chance is highly dependent on the set
of required and the set of possible activities, so configuration of the search parameters is
equally important with the k-shortest path approach as it is with crew improve approach.
A draw back shared with the traditional reduced cost column generation approach is the
restriction on the structure of the objective function. The objective function contribution
of a roster must decompose by nodes and arcs, i.e., by activities and combinations of
activities in sequence. This is often the case if the objective function measures the bid
satisfaction of the rosters. It is also the case if the objective is to assign as many activities
as possible to the crewmembers, i.e., to minimize open time.
4.3. Problem extensions
In this subsection we sketch the treatment of some more advanced real world problems
which are not covered by the discussion above.
Treatment of infeasibilities
In practice one rarely knows whether all the constraints of the IP models of type (2) with
extentions can actually be satisfied. There may be a shortage of crew members for the
planned production, a shortage of certain qualifications or just errors in the data. In any
case, the answer “your problem is not feasible” is not very useful or informative for the
user. Therefore, we always add slack variables corresponding to the non-assignment of
an activity or breaking a vertical constraint.
Base variants
The same activity may exist in several variants depending on the base of the crewmember
carrying out the activity. For example, a pairing may have its first operating leg starting
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in Milan and its last active leg ending in Rome. It can be assigned to a crew member
based in Milan by appending a deadhead (passive transport) from Rome to Milan. It can
also be assigned to a crew member based in Rome by insertion of an initial deadhead.
We refer to the two variants as base variants of the same pairing. Base variants might
not be attractive at first sight since they will produce deadheads, but may be necessary if
it is not possible to ensure the correct distribution of pairings between bases in the crew
pairing problem.
Ground activities can also have base variants. If the flight simulator is located in
Frankfurt, a flight simulator activity to be assigned to a Munich based crewmember must
be a base variant with a deadhead at the beginning and end.
From an optimization point of view base variants are not a problem. The generator
must know the base of the crewmember it is generating for to determine the right base
variant of the activities in the possible set. Also one must account correctly for the cost,
but there are no principal problems.
Strict seniority
Strict seniority is known in connection with preferential bidding where crewmembers
can enter bids for certain activities and days-off. In some airlines the more senior
crewmembers’ bids are considered more important than less senior crewmember’s bids.
In extreme cases the most senior crewmember’s bids are considered infinitely more important than the bids of the second most senior crewmember, and the bids of the second
most senior crewmember are considered infinitely more important than the bids of the
third most senior crewmember, etc. Strict seniority is mainly found in crew rostering
problems in North America.
Mathematically strict seniority can be modeled by multiplying the objective function coefficients by very large numbers. If we are maximizing bid satisfaction, and bid
satisfaction of a roster can be expressed by a number in the interval [0, 100] then we
can calculate the objective function coefficient for a roster generated for the most senior
crewmember as the bid satisfaction multiplied by 101|C |−1 . For numerical reasons, this
is not possible in practice for more than a handful of crew members.
A naive solution to the strict seniority problem is to optimize the roster of the most
senior crewmember first, then lock all activities on this roster and optimize the roster
of the second most senior crewmember, etc. This is time consuming since it requires
the entire problem to be solved |C| times and it is highly sub-optimal since there will
generally be many different rosters that give the maximal bid satisfaction. By selecting
one (arbitrarily) of these we limit the possibility for granting the bids of less senior
crewmembers.
A more clever solution was proposed in (Gamache et al., 1998). Essentially the
idea is to impose constraints on the bid satisfaction of the more senior crewmembers,
instead of selecting a particular roster. Depending on how this procedure is carried out,
it is possible to obtain proven optimality. In the Carmen System this idea is implemented
by solving the IP problem iteratively. First we optimize the bid satisfaction of the most
senior crewmember. Then we impose an extra constraint requiring the bid satisfaction of
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this crewmember to be maximal. Then we resolve the IP maximizing the bid satisfaction
of the second most senior crewmember, etc.
5.

Practical experience

5.1. Problem solving approach
The challenge of real-world optimization is to find the best possible solution, to the right
problem, as fast as possible. All these three dimensions are essential to the success
of a crew rostering system. The academic research almost solely focuses on the first
dimension in the case of “difficult” problems (e.g., large scale vehicle routing problems)
and on the third dimension in the case of “easy” problems (e.g., linear programming).
The second dimension – the right problem – is too often omitted even in scientific work supposed to be related to airline problems. All commercial systems of today
solve a problem which is not exactly the real life problem, but an approximation, or
a subproblem resembling the real life problem only to a certain extent. Even though
the subproblem may be solved optimally, the underlying real life problem is only partially solved. In fact, the crew rostering problem itself is not the “right problem.” The
real problem is to assign individual tasks to individuals. The pairings, which we have
assumed to be input to the crew rostering problem are just the result of another suboptimal planning problem – the crew pairing problem. Even the crew rostering problem
described in this paper is to some extent a simplification of the real problem faced after pairings have been produced. For example, complex training programs where pilots
have to go through a series of phases, each with different requirements on the assigned
instructor(s), duration and activities to be carried out are not really contained within the
framework outlined above. By employing a rule modeling tool and generic and somewhat “low tech” generation algorithms, which do not make any particular assumption on
the structure of the particular problem to be solved, the Carmen Crew Rostering system
supports a sufficiently accurate modeling of the real-world crew rostering problem.
But the true real-world challenge is not to be able to model a 200 page specification reasonably accurate. The problem is that this specification does not exist. Rules
and objectives must be explored and revealed iteratively and the result must be under
continuous evaluation. A prototyping process with fast iterations is essential to get as
close as possible to the real problem within an implementation project.
The development of rule modeling tools and languages has enabled airlines to significantly increase the level of detail in optimization models. Airlines now have the
ability to include every hotel room, every positioning flight, every meal at actual cost in
their optimization models – at least to the extent that these data exist. The tools are also
used to model other quality criteria such as robustness, quality of service, and quality of
life. All these refinements in the model have practically eliminated the need for manual
interaction in the solution process for crew pairing and crew rostering.
It is important to realize that all three dimensions of performance – best possible
solution, right problem, and as fast as possible – are linked in the sense that an im-
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provement in one dimension will always be at the cost of some compromise in another
dimension. The trade-off is largely an issue of configuration, and airlines tend to prioritize the costs and correctness aspects more than anything else, since this is where the
biggest potential for improvement lies.
5.2. The use of the Carmen Crew Rostering system
The Carmen Crew Rostering system was taken into production first at KLM in 1995
and is as of now (May 2003) used in production at eight airlines in Europe and North
America, and additionally at SJ, the Swedish State Railways and Deutsche Bahn, the
German State Railways. The different requirements of these customers are met through
the use of Rave, allowing detailed, airline specific installations of the systems.
The largest single production problems found at Carmen’s customers have currently a population of about 1600 crew and more than 5000 assignable activities in a
single planning unit. Another problem contains 7200 crew and 2000 assignable activities (of which most have to be assigned to several crew). Such problems solve usually in
less than 10 hours, i.e., in an overnight run. However, the problem size itself is not the
only factor influencing solution times. The complexity of the rules and objectives tends
to be of greater importance and certain much smaller problems require substantially
longer solution times.
It is generally very difficult to calculate the savings in crew rostering. Most of the
real costs are considered during the pairing construction, leaving mainly the minimization of open time and overtime as real costs. However, non-tangible aspects such as
quality of the rosters are as important, and especially in preferential bidding, the maximization of crew satisfaction. This is a main difference to the crew pairing problem.
Crew pairing has a quite well-defined monetary objective function and different solutions are easily comparable. Consequently it is also easier to publish savings figures for
crew pairing systems and to compare (benchmark) crew pairing systems against each
other. In the case of a crew rostering system this comparison is typically more fuzzy.
During the various crew rostering production setting processes Carmen has carried
out and is carrying out, we have learned that the crew pairing problem is cleaner and
simpler and a purer optimization problem. In contrast to that, crew rostering problems
are very airline specific. In the following, we point out some of the particularities of
crew rostering compared to crew pairing:
• The complexity of rules is higher. Most pairing rules still apply in the crew rostering
problem, but there are a number of rostering specific rules and it is necessary to
handle exceptions applying to particular ground duties, to handle the transition from
one planning period to the next as well as rules defined on a longer time interval than
the planning period.
• The objectives are less clear and difficult to quantify. In particular it is difficult to
scale them together. Also there tends to be a larger number of objectives which
have not been formalized and must be explored and revealed iteratively during the
customization of a crew rostering system. Often crew satisfaction is a significant part
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of the objective, but it is not at all clear how to measure crew satisfaction. Granted
bids must be translated into points which in turn must be translated into objective
function coefficients. This must be done in a fair and logical way, and the process
must also be comprehended and accepted by the crew!
• The implementation of a crew rostering system at an airline is a major political issue
drawing large attention from the crew member unions. Expectations as well as concerns are high and managing these expectations and concerns is a project in itself.
This is in particular the case for a preferential bidding system. In essence the point
of a preferential bidding system is to make crew happy. Whether the crewmembers
actually become happy depends more on the ratio between what they get and what
they expected rather than on the magnitude of the numerator of this fraction.
6.

Summary and outlook

We presented airline crew rostering as an important part of airline operations and an interesting problem for the application of operations research. We described not only how
different types of crew rostering problems can be modeled but also how they are solved
with commercial software systems, and presented the Carmen Crew Rostering system as
example. We also highlighted practical considerations regarding the production setting
of crew rostering systems.
In the future, crew pairing and crew rostering will be integrated into one planning
problem. Only a combined problem represents the correct formulation of the crew planning problem, and provides the best rosters, both from a cost and a quality point of view.
We view the creation of rosters out of legs, i.e., skipping the intermediate step of producing a pairing solution, as one of the important research areas in crew planning. Another
area which currently attracts great interest is crew recovery, where after publication individual rosters are maintained and repaired until and on the day of operations.
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